DP Analysis & Approaches HL

Maths with Lemon

Lesson 9.6HL — Integration of Trigonometric Functions

Mathematician:

HL 5.15 — Syllabus and Key Ideas

Content Guidance

Indefinite integrals of derivatives of | Use reverse differentiation, linear substitution, com-
tan x,secx,cscx,cotx, inverse trig functions | pleting the square and partial fractions.

and exponential functions.

Useful Formulae

/secz:pdx:tan:erC, /csc2xdxzcot:1:+0,

/secxtanxdwzsecaz—i—C, /cscmcotxdx:—cscx—k(],

= arcsinz + C,

| ==

/ @ —
Warm Up

Find the gradient of y = x 4+ 2cotx at z = 7/4.

x
@

Ina

= arctanx + C,

/

(o= U s e

x
14 x2

i — 2 csc? 23 y'(ﬂ/4) =1-2(2) = ,

Using Old Methods or Formula Booklet

/

1+ 2sinx
cos? x

Extra Practice

dr = /(se02x+2seca:tana:)da?—‘tanm+2secx+0.

Split the fraction: 2/v/1 — 22 4 1.
2arcsinx + x + C"

Worked Example You Try
2+\/1—x2dx /2\/1—932—3ahj
Vi Via?

Show your working.




Worked Example

You Try

/2+3sin:1:
72dx
CcOS? T

2sec’ z + 3secztanz.
2tanm+3secx+0‘

3 —cosx
sin“ x

Show your working.

Worked Example You Try
/secx(2secm+3tanx) dx /cscx(S cscx + 2cotz) dx
2sec’ z + 3secxtanz. Show your working.
2tanx + 3secx + C‘
Worked Example You Try

3
/ R
Vv1—2z2
Use inverse sine formula.

4
——d
/1+:1:2 i

Show your working.

Worked Example

You Try

/2xdx

Apply exponential integral formula.
21‘
—+C
In2 +

/3xd:r

Show your working.

Composition of Linear Functions




For a linear inner function v = ax + b, remember du = a dx:

Guided example:

1
/secQ(aac +b)dx = o tan(ax + b) + C.

/6sec2(3x +1)dz =2tan(3z + 1) + C.

Worked Example

You Try

/80502(21: —1)dx

Let u =2z — 1, du = 2dx.
’ —4cot(2x — 1) + C‘

/98602(393 +1)dz

Show your working.

Worked Example

You Try

/ 3%% dx

u = 2.
321’
2In3

+C

/2596 dzx

Show your working.

Worked Example

You Try

3
——dx
/ V1 — 922
Let u = 3x.

/wdx
V1 — 2522

Show your working.




Worked Example You Try

/ 5csc?(z/3) dx / 3sec?(z/4) dx

u=uz/3. Show your working.
’ —15cot(x/3) + C‘

Worked Example You Try

1 1
d ——d
/1+4x2 < /1+161:2 .

Let u = 2z. Show your working.

1
5 arctan(2z) + C

Integrals Resulting in arcsin and arctan

Complete the square before applying the formula.

/ dx / dx 1 4 - 1 L C
= =|=arctan | —— L
2%+ 22 + 10 (z+1)24+9 |3 3

Worked Example You Try
/ dx / dx
22+ 4z + 5 a? — 6z + 10
2 +4r+5=(r+2)%+ 1. Show your working.

’ arctan(z +2) + C ‘




Worked Example

You Try

/ dx
2+ 22+ 10

/ dx
22+ 4z + 20

(z+1)2+09. Show your working.
1 1
3 arctan(x ;,_ )+ C
Worked Example You Try
/ dx / dx
x? 4+ 6x + 11 x2 — 10z + 30
(z+3)2+2. Show your working.
1
7 arctan(m\;;) +C

Worked Example

You Try

/ dx
V12 — 4 — 22
12 — 4z — 2% = 16 — (z + 2).

2
)+ C

v
arcsin(

/ dx
V8 + 2x — 2

Show your working.

Worked Example You Try
/ dz / dz
V1+4x — 22 V2 —2x — x2

1+4r —22=5— (z —2)2

V5

B
arcsin(

)+ C

Show your working.

Partial Fraction Decomposition




Guided example:

1 B 1 B 1 i 1
z2—5x+6 (z—2)(x—3) r—2 -3
Thus
dx -3
= C
22 -5+ 6 x— 2‘ =
Worked Example You Try
2x +-4 z+1
—d —d
/x2+4m+3 v /:1:2+x—6 &

Denominator derivative is 2z + 4. Show your working.
In |2 + 42 + 3| —l—C‘

Worked Example You Try

4 1
————] - d
/x2—2$—3 5 /a:2+5a:+6 el
4 _ 1 1 7 5
—T = — v Show your working.
m) =3 +c
r+1
Worked Example You Try
2

dzx

/ 3
202 4+ — 1

202 +x— 1= (22— 1)(z + 1).
2 1

3 -

Qz—1)(z+1) — 2z—1  x+1°
20 — 1

In | i |+ C
z+1

/

Show your working.

=3 /° 4
=3 CAE




Detailed Markscheme — You Try

Extra Practice
" / 2v/1 — 22 -3

Wil

’2m—3arcsina:—|—0‘

([t

sin“ x

’—300taz+cscx+0‘

3. /csc x(5cscx + 2cot x) dw

’—5COtﬂ§—QCSC$—|—C‘

4
4. / dx
1+ 2

. /3wd$

’4arctan:v+0‘

ot

35[7
—+C
ln3jL

Composition of Linear Functions

1. /98602(3x+ 1) dz

’3tan(3w+ 1) +C‘

[\

. /25“ dx

25x
51n 2

+C

3 / LU
| ——dx
V1 —25z2

‘ 2 arcsin(5z) + C‘

4. / 3sec?(z/4) dx

’ 12tan(z/4) + C"

1
5. | ——_d
/1+16m2 v

1
7 arctan(4x) + C

Inverse Trigonometric Integrals

/ dx
1. _
z2 — 6z + 10



/ dzx

2. _

x2 4 4z + 20

3,/dw
z2 — 10z + 30

4_/dfﬂ
V8 4+ 2x — 22

5,/6@
V2 —2x — x?

Partial Fractions

1./x+1dx
224+ 2x—-6
1
2. —d
/x2+5m+6 =

5 [
o — A
32 +4r+1

’arctan(:c —-3)+ C‘

-
arcsin(

1
)+ C

o
arcsin(

+
V3

3 2
gln]x72\+5ln|x+3|+C

e =
T+ 3

|+ C

In |

3z +1
r+1

|+C

In |




Maths with Lemon

Mathematics made clear.



